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	  Low	  temperature	  transport	  in	  tunnel	  junc2on	  arrays:	  
Cascade	  energy	  relaxa2on	  

Valerii	  Vinokur	  
Tatyana	  Baturina	  

Resistance	  is	  governed	  by	  the	  energy	  relaxa2on.	  
Nature	  of	  relaxa2on	  near	  superconductor-‐insulator	  transi2on?	  

plan	  



Plan	  of	  the	  talk	  

•  Environment	  assisted	  quantum	  tunneling	  
•  Nonequilibrium	  environment	  
•  Arrays	  of	  tunnel	  junc2ons.	  Cotunneling	  
blockade	  by	  the	  self	  generated	  environment.	  	  

•  Arrays	  of	  superconduc2ng	  junc2ons.	  
“Superinsulator”	  =	  gap	  of	  the	  environment?	  

•  Landau-‐Hopf	  turbulence	  in	  arrays	  of	  
superconduc2ng	  junc2ons.	  Superinsulator.	  
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Experiment	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  TiN	  films	  

the thickness is 5 nm 

ü TiN films were formed by atomic layer chemical  
    vapor deposition onto a Si/SiO2 substrate at 350 0C. 
ü Composition: 
Ti     N        Cl 
1     0.94   0.035 

ξd  = 9.3 nm  – the superconducting coherence length 

Samples	  are	  uniform	  on	  the	  material	  level!	  	  But	  nonuniform	  on	  electronic	  structure	  level…	  
	  

top	  view	  

side	  view	  
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STM	  measurements	  of	  LDOS	  
inhomogeneous	  superconducIng	  state	  (!)	  

B. Sacépé, C. Chapelier, T. Baturina., V. Vinokur, M.R. Baklanov, M. Sanquer, PRL 2008 

TiN1 – Δ = 260 µeV, Teff = 0.25 K 
TiN2 – Δ = 225 µeV, Teff = 0.32 K 
TiN3 – Δ = 154 µeV, Teff = 0.35 K 

BCS fit 

in TiN3 the magnitudes of Δ scattered in the 
interval from 125 µeV to 215 µeV 



Transport	  	  through	  a	  2D	  film	  	  
close	  to	  superconductor-‐insulator	  
transi2on.	  What	  theory	  can	  tell?	  

• Nonlinear	  	  	  I(V) • Strong	  fluctuaIons	  
• Theory	  à	  challenge	  

V

• ?percolaIon	  

Visualiza2on	  
of	  electron	  structure!	  

Material	  structure	  is	  homogenous!	  



Transport	  	  through	  a	  2D	  film	  	  
close	  to	  superconductor-‐insulator	  

transi2on	  
• Nonlinear	  	  	  I(V) • Strong	  fluctuaIons	  

• Theory	  à	  challenge	  

V

δV	  

e

Where	  are	  effects	  related	  to	  
strong	  electron-‐electron	  correla2ons?	  

superficial	  knowledge,	  
explains	  	  Ohm	  law.	  	  
nonlinear	  I(V)?	  



environment  
in water flow 

The	  losses	  on	  the	  bubble	  forma2on	  	  
in	  the	  water	  flow	  are	  usually	  	  
much	  smaller	  than	  the	  useful	  energy	  	  
of	  the	  transla2onal	  mo2on.	  

Water	  flow	  is	  the	  analog	  
of	  electron	  flow	  in	  circuits.	  





Heating of the environment 
in the nano-junctions 

The	  losses	  on	  the	  bubble	  forma2on	  	  
in	  the	  water	  flow	  are	  usually	  	  
much	  smaller	  than	  the	  useful	  energy	  	  
of	  the	  transla2onal	  mo2on.	  

Electric	  current	  in	  a	  nanostructure	  
is	  accompanied	  by	  the	  excita2on	  of	  
the	  quantum	  liquid	  of	  the	  charge	  carriers	  
(environment	  of	  quantum	  bubbles).	  

δV	  

e

The	  environment	  
hea2ng	  phenomena	  should	  be	  	  
Properly	  controlled.	  

Boson	  excita2ons:	  
electron-‐hole	  pairs,	  
electromagn.	  excita2ons	  

e

e
e



Environment	  language	  
[introduc2on]	  

•  Far	   from	   equilibrium	   transport	   phenomena	   in	   mesoscopic	  
conductors	   are	   usually	   governed	   by	   the	   energy	   exchange	  
between	   the	   transport	   agents	   (e.g.,	   electrons)	   and	   the	  
environment	   of	   the	   bosonic	   excita2ons	   represented,	   by	  
phonons,	  photons,	  many-‐body	  excita2ons	   (e.g.,	  electron-‐hole	  
pairs),	  the	  electromagne2c	  modes	  in	  the	  leads…	  

q hea2ng	  
q the	  Coulomb	  anomaly	  
q the	  Coulomb	  drag	  
q the	  hooping	  (cotunneling)	  
q the	  many	  body	  localiza2on	  
q the	  resonance	  exci2ng	  of	  the	  environment	  modes	  
q Spin	  resonance	  (e.g.,	  NMR)	  
q …	  

11	  	  	  	  	  
14:22:53	  
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Environment	  and	  bath	  

• N.M. Chtchelkatchev, V.M. Vinokur, and T.I. Baturina,  
• Hierarchical energy relaxation in mesoscopic tunnel junctions:  
• Effect of nonequilibrium environment on low-temperature transport,  
• Phys. Rev. Lett. 103, 247003 (2009). 



Transport	  	  in	  	  2D	  array	  -‐-‐-‐	  	  
“classical”	  Coulomb	  blockade	  picture	  

Z( )ω
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tunnel junction

effective
impedance

voltage
fluctuates

V

Grabert	  and	  Devoret	  1991	  
Circuit	  theory	  



a)

Z
v

RT lin

phonon
relaxation

phonon
relaxation

Energy	  relaxa2on	  and	  
the	  role	  of	  environment	  

V
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combina2ons	  of	  the	  environmental	  excita2ons	  distribu2on	  
func2ons	  describe	  absorbed	  and	  emided	  environmental	  
excita2ons	  and	  the	  index	  

General	  equaIons	  true	  for	  any	  environment	  

a)

Z
v

RT lin

phonon
relaxation

phonon
relaxation

Equilibrium:	  
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KineIc	  equaIons	  
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KineIc	  equaIons	  for	  environment	  bosonic	  excitaIons	  
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Solu2on	  of	  the	  kine2c	  equa2on	  for	  bosons	  

Electromagne2c	  environment	  

Electron-‐hole	  environment	  

Electron-‐environment	  interac2on:	  

Environment	  relaxa2on	  2me	  
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No	  boson	  can	  be	  emided	  	  

with	  the	  energy	  larger	  than	  V.	  
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0 2 4 6
0

1

2

3

I(V) 

V 

Problem	  of	  
single-‐resistor	  
approxima2on	  



We	  should	  go	  	  
beyond	  single	  junc2on	  approxima2on	  

of	  the	  2D-‐film	  near	  SI	  transi2on	  

V
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log ,       2Dc cE NΔ =V

jus2fica2on	  of	  the	  array	  approxima2on	  
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L. B. Ioffe and A. I. Larkin, Zh. Eksp. Teor. Fiz. 81, 707 
(1981) [Sov. Phys. JETP 54, 378 (1981)]. 

“Island”	  structure	  of	  disordered	  superconductor	  

Fluctua2ons	  in	  disorder	  lead	  to	  appearance	  of	  	  
regions	  with	  enhanced	  Tc,	  i.e.	  to	  forma2on	  of	  	  
superconduc2ng	  “islands”	  above	  the	  ‘bulk’	  Tc	  .	  
	  

Δ

S S S S S 
S S S S S 
S S S S S 
S S S S S 



25	  

+V/2 -V/2 
I I 

Josephson	  junc2on	  array	  
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Capacitance	  of	  the	  array?	  
What	  is	  T0?	  	  

How	  T0	  is	  related	  to	  Ec?	  
	  

)/ln(/0 rRCC ∝

)/ln(00 rLEET cc =≈



Similar	  results:	  T.	  Baturina,	  C.	  Strunk	  et	  al	  

log ,       2Dc cE NΔ =V

)/ln(00 rLEET cc =≈



Array	  approxima2on,	  short	  summary	  

V

28	  

I
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• Transport	  	  in	  JJA	  is	  sensi2ve	  to	  B.	  	  
Can	  we	  	  see	  this	  experimentally	  in	  films?	  
• Does	  the	  array	  model	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  pass	  the	  magne2c	  field	  test?	  
• Can	  we	  see	  1D	  array	  effects	  in	  films?	  

220  at B=0.7TT

B

eV
k T

≈

Voltage	  depinning	  threshold	  is	  actually	  
a	  dielectric	  breakdown	  
determined	  by	  the	  lowest	  resistance	  
path.	  	  	  	  	  1D!!	  

( / )T ceV L d E=

0 ln( / )B ck T E L d=

New	  scale:	  

Ac2va2on	  energy	  -‐>	  	  



30	  

R ext

χL χR
I
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I

χL χRχ11 χN1
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χ1M χNM ( ) ( )c 0 C 0E    Δ~ Δ g ln gE Δ

skip	  
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Magne2c	  field	  dependence	  

1D	  fit,	  	  
no	  fiong	  parameters	  

Voltage	  depinning	  threshold	  is	  
actually	  a	  dielectric	  breakdown	  
determined	  by	  the	  lowest	  resistance	  
path.	  	  	  	  	  1D!!	  

2D	  fit	  
using	  JJA	  
approxima2on	  



Summary:	  array	  approxima2on	  works	  well…	  

V
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Array	  approxima2on:	  
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1D	  
fit	  



2D-‐film	  near	  S-‐I	  transi2on.	  Environment	  

V
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I

χL χRχ11 χN1

R ext

χij

χ1M χNM

Array	  approxima2on:	  

Environment	  
effects?	  
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The	  nature	  of	  the	  high	  resisIve	  state:	  superinsulator	  

I

χL χRχ11 χN1

R ext

χij

χ1M χNM

Inelas2c	  co-‐tunneling?	  
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The	  pronounced	  gap	  in	  I(V)	  appears	  in	  a	  tunnel	  
junc2on	  when	  the	  electron-‐environment	  

interac2on	  ρ	  is	  large.	  	  
We	  can	  not	  expect	  that	  in	  films	  near	  the	  

transiIon	  into	  insulaIng	  state.	  Then	  what?	  

a)

Z
v

RT lin

phonon
relaxation

phonon
relaxation
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Internal	  environment.	  Transport	  in	  mesoscopic	  conductors	  

(hopping	  conduc2vity:	  the	  relaxa2on	  mechanism	  
s2ll	  remains	  a	  puzzle)	  

How	  environment	  leaving	  inside	  the	  sample	  provides	  the	  relaxa2on	  	  
illustrates	  the	  following	  simple	  example:	  
Tunneling	  between	  the	  neighboring	  poten2al	  wells	  	  

One	  needs	  relaxa2on	  mechanism	  (thermal	  bath)	  to	  ensure	  energy	  accommoda2on	  

This	  relaxa2on	  mechanism	  governs	  the	  variable	  range	  hoping	  conduc2vity	  in	  semiconductors	  



2D-‐film	  near	  (super)insulator	  state	  

V
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I

χL χRχ11 χN1

R ext

χij

χ1M χNM

Array	  approxima2on:	  

a)

Z
v

RT lin

phonon
relaxation

phonon
relaxation

Environment	  	  
is	  inside	  the	  film.	  
Leads	  are	  adached	  
to	  the	  surface	  and	  
can	  not	  provide	  

enough	  relaxa2on.	  	  



Tunneling	  between	  the	  neighboring	  poten2al	  wells	  	   I(V) 

No	  tunneling	  without	  interac2on	  with	  the	  environment	  bosons…	  Now	  I(V)	  is	  nonlinear	  always	  

V 
0 2 4 6
0

1

2

3



39	  

BKT	  transiIon	  	  
	  
    is a consequence of the logarithmic interaction between charges! 

Energy of interacting charges:   U = EC ln ( R / r0 ) 
 
Entropy due to arranging two (+) and (-) charges in the plane:  

       S = 2kB ln ( R / r0 ) 
(r0  is some minimal characteristic size) 
 
Free energy: F = U – TS = ECln ( R / r0 ) - 2kB ln ( R / r0 ) 
 
BKT	  transiIon at T = TBKT = EC / 2kB 

Berezinskii-‐Kosterlitz-‐Thouless	  transiIon	  



40	  

Hopping	  conducIvity	  in	  tunnel	  juncIon	  arrays	  

arrays of granules:  electrons	  have	  to	  tunnel	  through	  other	  granules	  

Efros-‐Shklovskii	  (or	  Mo_)-‐type	  VRH	  should	  not	  be	  seen!!	  	  

Elas2c	  cotunneling	  mechanism	   Inelas2c	  cotunneling	  mechanism	  

	  tunneling	  via	  virtual	  states	  of	  intermediate	  grains	  

Hopping	  between	  the	  	  
nearest	  neighbors,	  and	  
no	  room	  for	  the	  hopping	  
distance	  opImizaIon	  
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Transport	  in	  granular	  materials:	  cotunneling	  

Relaxa2on	  mechanism:	  
crea2on	  of	  the	  string	  of	  the	  
electron-‐hole	  pairs	  

I.	  S.	  Beloborodov,	  A.	  V.	  	  Lopa2n,	  and	  V.	  M.	  Vinokur	  
Coulomb	  effects	  and	  hopping	  transport	  in	  granular	  	  
metals	  
Phys.	  Rev.	  B	  72	  (12),	  125121	  -‐	  125141	  (2005)	  

The	  same	  mechanism	  was	  proposed	  in	  
“Many	  body	  localiza2on”	  
I.	  Gorny,	  A.	  Mirlin,	  D.	  Polyakov,	  Phys.	  Rev.	  Led.	  95,	  
206603	  (2005)	  
D.	  M.	  Basko,	  I.	  L.	  Aleiner,	  and	  B.	  L.	  Altshuler,	  Phys.	  
Rev.	  B	  76,	  052203	  (2007).	  
D.	  M.	  Basko,	  I.	  L.	  Aleiner,	  and	  B.	  L.	  Altshuler,	  Ann.	  Phys.
(N.Y.)	  321,	  1126	  (2006).	  
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BKT	  transiIon	  	  
	  
    is a consequence of the logarithmic interaction between charges! 

Energy of interacting charges:   U = EC ln ( R / r0 ) 
 
Entropy due to arranging two (+) and (-) charges in the plane:  

       S = 2kB ln ( R / r0 ) 
(r0  is some minimal characteristic size) 
 
Free energy: F = U – TS = ECln ( R / r0 ) - 2kB ln ( R / r0 ) 
 
BKT	  transiIon at T = TBKT = EC / 2kB 

Berezinskii-‐Kosterlitz-‐Thouless	  transiIon	  
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2D Coulomb interaction 

All electric force lines are trapped within the film 
Energy of two interacting charges: 

the logarithmic interaction between charges ! 
the interaction grows with the distance between charges ! 

The larger the 
distance between the 
charges, 
the smaller the 
interaction energy  
 
 

3D world 2D world 

The larger the distance between the charges, 
the larger the interaction energy  

r
qqU 1

4 0

21 ⋅−=
επε dd

qqU ρ
επε

ln
2 0

21 ⋅−=

)( dd ερ <<

dd
qqU ρ
επε

ln
2 0

21 ⋅−=
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2D Coulomb interaction 

All electric force lines are trapped within the film 
Energy of two interacting charges: 

the logarithmic interaction between charges ! 
the interaction grows with the distance between charges ! 

)( dd ερ <<

dd
qqU ρ
επε

ln
2 0

21 ⋅−=

BKT	  transiIon	  	  
    is a consequence of the logarithmic interaction between vortices! 

v  Charge-vortex duality:  
 insulator-to-superinsulator  transition  
 as Berezinskii-Kosterlitz-Thouless  
 transition in the 2D system of charges  
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2D Coulomb interaction 

All electric force lines are trapped within the film 
Energy of two interacting charges: 

the logarithmic interaction between charges ! 
the interaction grows with the distance between charges ! 

)( dd ερ <<

dd
qqU ρ
επε

ln
2 0

21 ⋅−=

BKT	  transiIon	  	  
    is a consequence of the logarithmic interaction between vortices! 

Q:  How	  one	  can	  realize	  the	  2D	  Coulomb	  interac2on	  in	  our	  3D	  world?	  

A:	  	  By	  arranging	    ε >> 1.	  

Near the SIT the dielectric constant of the film   ε → ∞ 
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V.E. Dubrov, M.E. Levinshtein, and M.S. Shur,  
ZhETP 70, 2014 (1976)  
[Sov. Phys. JETP 43, 1050 (1976)]. 
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Superconducting film near superconductor-insulator transition 

Near the SIT the dielectric constant of the film   ε → ∞ 

Percolation transition 

The capacitance between 
the two adjacent clusters is 
proportional to the length of 
the insulating layer 
separating them.  Upon 
approaching the transition 
from the insulating side of 
the SIT, the length of this 
layer diverges infinitely.  
It results in the divergent 
growth of the effective 
capacitance of the system, 
implying the divergence of 
the dielectric constant ε → 
∞. 

C ∝ ε l 
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Superconducting film near superconductor-insulator transition 

Near the SIT the dielectric constant of the film   ε → ∞ 

Percolation transition 

The capacitance between 
the two adjacent clusters is 
proportional to the length of 
the insulating layer 
separating them.  Upon 
approaching the transition 
from the insulating side of 
the SIT, the length of this 
layer diverges infinitely.  
It results in the divergent 
growth of the effective 
capacitance of the system, 
implying the divergence of 
the dielectric constant ε → 
∞. 

C ∝ ε l 
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Superconducting film near superconductor-insulator transition 

Near the SIT the dielectric constant of the film   ε → ∞ 

Percolation transition 

The capacitance between 
the two adjacent clusters is 
proportional to the length of 
the insulating layer 
separating them.  Upon 
approaching the transition 
from the insulating side of 
the SIT, the length of this 
layer diverges infinitely.  
It results in the divergent 
growth of the effective 
capacitance of the system, 
implying the divergence of 
the dielectric constant ε → 
∞. 

C ∝ ε l 
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Exactly	  solvable	  
model.	  
Confirms	  the	  qualita2ve	  picture	  above	  
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1D	  array	  of	  Josephson	  junc2ons.	  

Landau-‐Hopf	  turbulence	  

Time-‐dependent	  flux	  	  
generates	  electric	  field	  
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1D	  array	  of	  Josephson	  junc2ons.	  

Landau-‐Hopf	  turbulence	  

Time-‐dependent	  flux	  	  
generates	  electric	  field	  
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1D	  array	  of	  Josephson	  junc2ons.	  

Landau-‐Hopf	  turbulence	  

Time-‐dependent	  flux	  	  
generates	  electric	  field	  

Jc EE >>

cu
rr
en

t	  

cEV /

N=3	  

The	  	  I(V)	  is	  smooth!!!	  
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1D	  array	  of	  Josephson	  junc2ons.	  

Landau-‐Hopf	  turbulence	  

Time-‐dependent	  flux	  	  
generates	  electric	  field	  

The	  

Jc EE >>

The	  	  I(V)	  is	  smooth!!!	  
Why???	  

• The	  model	  is	  exactly	  solvable	  
• At	  arbitrary	  disorder	  
• Solu2on	  -‐-‐-‐	  special	  func2ons	  
	  



57	  



58	  



59	  

Jacoby	  generalized	  Theta-‐func2on	  
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Jacoby	  generalized	  matrix	  Theta-‐func2on	  

One	  zero	  eigenvalue.	  
The	  other	  eigenvalues	  are	  of	  the	  order	  of	  unity	  

Regulariza2on	  term	  
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Landau-‐Hopf	  turbulence	  

What	  is	  turbulence?	  
When	  the	  fluid	  (gas)	  velocity	  v(r,t)	  	  

becomes	  nonperiodic	  =	  nonpredictable.	  
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Landau-‐Hopf	  turbulence	  

What	  is	  turbulence?	  
When	  the	  fluid	  (gas)	  velocity	  v(r,t)	  	  

becomes	  nonperiodic	  =	  nonpredictable.	  
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Landau-‐Hopf	  turbulence	  

Entropy	  S	  ~N	  log	  N	  

)exp(~ Sconstt
v(t)	  –	  nonperiodic	  func2on!	  
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Landau-‐Hopf	  turbulence	  
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1D	  array	  of	  Josephson	  junc2ons.	  

Landau-‐Hopf	  turbulence	  

Time-‐dependent	  flux	  	  
generates	  electric	  field	  



Εc/T	  

Lo
g(
R)
	  

Turbulence	  short	  summary	  

cc NE=Δ

characteris2c	  voltage	  and	  temperature	  

scale	  with	  the	  array	  size!!	  

Towards	  hyper-‐ac2va2on	  

Low	  temperature	  High	  temperatures	  
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• We	  show	  that	  chaos	  deblocades	  the	  tunneling	  current	  in	  the	  
arrays	  of	  Josephson	  juncIons	  in	  the	  quantum	  limit.	  	  
• The	  chaos	  sources	  are	  mesoscopic	  fluctuaIons	  of	  the	  juncIon	  
capacitances.	  	  

• When	  the	  chaoIc	  regime	  is	  fully	  developed	  the	  environment	  of	  
the	  low	  lying	  neutral	  excitaIons	  self-‐generates	  in	  the	  array	  and	  
deblocks	  the	  transport;	  in	  the	  opposite	  case	  the	  environment	  is	  
frozen	  (gaped)	  and	  so	  the	  transport	  is	  blocked.	  	  

• There	  is	  a	  map	  between	  the	  Landau-‐Hopf	  scenario	  of	  turbulence	  
development	  in	  the	  liquid	  and	  the	  scenario	  of	  the	  chaos	  
deblocade	  in	  Josephson	  juncIon	  arrays.	  
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I2 at B = 0.37 T 

I vs V 

  TSI is magnetic field dependent 

B=0	  

TiN films Phase diagram for 
insulating side 

BKT	  I-‐V	  curves	  in	  TiN	  films	  on	  insulaIng	  side	  
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q Environment	  and	  bath	  are	  different	  objects.	  
q Environment	  can	  become	  nonequilibrium.	  
q Environment	  can	  be	  tuned.	  
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